Abstract. We consider the Poisson equation −∆u = f with homogeneous Dirichlet boundary condition on a two-dimensional polygonal domain Ω. We develop a finite element multigrid method on quasi-uniform grids that obtains O(h m+1−ǫ ) convergence in the H 1 (Ω) norm for any positive ǫ when f ∈ H m (Ω). The cost of the method is proportional to the number of elements in the triangulation. The results of this paper can be generalized to other equations and other boundary conditions.
1. Introduction. It is well known that when an elliptic boundary value problem is solved by the h-version of the finite element method on a quasi-uniform grid, the convergence rate is determined by the regularity of the solution (cf. [12] , [10] ). When the boundary of the domain is not smooth, the regularity of the solution is usually low and hence the performance of the h-version finite element method is poor. Better convergence rates can be achieved by employing special grids obtained by local refinement, or by using the p-or hp-versions of the finite element method (cf. [24] ). In this paper, we will indicate how this difficulty can also be overcome by using a modification of the usual h-version of the finite element method on quasi-uniform grids. The basic idea is to apply the full multigrid methodology to the singular function representation of the solution and take advantage of extraction formulas which relate the solution to the coefficients of its singular part. For simplicity, we present the idea using the Poisson equation:
where Ω is a bounded polygonal domain in R 2 , and f ∈ H m (Ω) for m ≥ 0. The H 1 0 (Ω) solution of (1.1) can be written as the sum of a singular part plus a regular part (cf. [20] , [18] , [13] , [22] ), and the singular part is determined by u through extraction formulas (cf. [3] , [1] ). In a multigrid approach, we can use the extraction formulas to compute an approximation to the singular part by replacing u with its approximation on the current grid. We can then set up a variational problem which is satisfied approximately by the regular part of the solution. Since the regular part has better regularity, we can apply a standard multigrid method on the refined grid to this variational problem and obtain a higher order of convergence. In the resulting full multigrid algorithm, the right-hand side of the discretized equation changes from level to level.
This new full multigrid algorithm has already been investigated in [9] for the cases where f ∈ L 2 (Ω) or H 1 (Ω), using the P 1 finite element. The goal of this paper is to treat the cases where f ∈ H m (Ω) for m ≥ 2 and higher-order elements are used. Another finite element method for the computation of singular solutions which also uses the extraction formulas is the dual singular function method (cf. [17] , [4] , [5] ). In some sense, the algorithm developed in this paper can be viewed as a multigrid version of the dual singular function method.
The rest of the paper is organized as follows. The singular function representation of the solution of (1.1) is described in section 2. The full multigrid algorithm is defined in section 3, and the convergence analysis is carried out in section 4. Section 5 contains some concluding remarks.
2. The singular function representation. The variational problem for (1.1) is as follows.
Find
The singular function representation of the solution u of (2.1) can be described as follows (cf. [14] ). Let p 1 , . . . , p J be the vertices of Ω, let ω j (1 ≤ j ≤ J) be the internal angle of Ω at the vertex p j , and let (r j , θ j ) be the polar coordinates centered at p j such that the angle at p j is spanned by the two rays θ j = 0 and θ j = ω j . We denote by Σ j the infinite sector spanned by these two rays.
For m ≥ 2, we need the solutions of some special boundary value problems on Σ j for the description of the singular function representation of u. Since f ∈ H m (Ω), the Sobolev embedding theorem (cf. [25] ) implies that f belongs to C m−2 (Ω). Therefore, the Taylor polynomial of f at p j of degree m − 2 is well defined and can be written as m−2 µ=0 f j,µ , where f j,µ is a homogeneous polynomial of degree µ. Let λ be an integer such that 2 ≤ λ ≤ m. If λ(ω j /π) is not an integer, then there is a unique homogeneous polynomial u j,λ of degree λ which satisfies
If λ(ω j /π) is an integer, then there exists a unique solution u j,λ of (2.2) in the form
andũ j,λ is a homogeneous polynomial of degree λ which satisfies the orthogonality relation
Consider an L-shaped domain with m = 2. All but one of the angles of this domain are right and the reentrant angle is 3π/2. If ω j = π/2, we have
If ω j = 3π/2, we have
For any integer m ≥ 0, we can write the solution u of (2.1) as
The N in (2.10)-(2.11) is the set of natural numbers. The functions φ j (j = 1, . . . , J) in (2.12)-(2.13) are smooth cut-off functions, which equal 1 identically in a neighborhood of 0 and have small enough supports that the singular functions s j,ℓ and s ′ j,ℓ vanish identically on ∂Ω. Moreover, the following regularity estimates hold:
(Throughout this paper, the statement F G means that F is bounded by G multiplied by a constant which is independent of the mesh size and grid level. In the statement F ǫ G, the constant can depend on ǫ.)
Remark. Note that L ′ j = ∅ when m = 0 or 1, so there is no need to construct u j,λ in these cases.
Example 2.2. Again consider an L-shaped domain with m = 2. (2.17) where u j,2 is given by (2.7). If (2.19) where u j,2 is given by (2.8).
The coefficients κ j,ℓ in (2.9) can be computed by the following extraction formula:
where the dual singular function s j,−ℓ is defined by
It is known (cf. [18] ) that
In view of (2.9), (2.22), and (2.23), even when f is very smooth, the most one can say in general about the regularity of u is
This lack of regularity for u makes it difficult to obtain a higher-order finite element approximation even if f is very smooth. The key idea of our method is to use the decomposition (2.9) to focus our computation on w instead of u. Since w has higher regularity, a higher order of convergence can be achieved.
3. The full multigrid algorithm. Let {T k } k≥1 be a family of triangulations of Ω, where T k+1 is obtained from T k by connecting the midpoints of the edges in T k , and define
(Ω) be finite element spaces associated with the triangulations T k such that
(Ω) and s ≤ m + 2. For example, we can take V k to be the P m+1 Lagrange finite element space (cf. [12] , [10] 
(Ω) and z 0 ∈ V k be given and assume that there is a kth-level multigrid method which yields an approximate solution M G(k, z 0 , g) to the discretized problem.
Find z ∈ V k such that
Assume that the computational cost of this multigrid scheme is proportional to dim V k and that there exists a constant δ < 1 independent of k such that
Remark. Since the problem (3.2) is symmetric positive definite and the V k 's are conforming and nested, these assumptions are satisfied by either a V -cycle or a Wcycle multigrid algorithm with any number of smoothing steps (cf. [2] , [6] , [7] , [8] ).
Substituting (2.9) into (1.1), we obtain the following boundary value problem for w:
in Ω, (3.4)
Note that ∆s j,ℓ and ∆s ′ j,ℓ ∈ C ∞ (Ω) and that the functions s j,ℓ and s ′ j,ℓ are known. Hence if the κ j,ℓ were known, we could determine u efficiently by solving (3.4) for w by our multigrid method. However, the extraction formula (2.20) for κ j,ℓ involves the unknown u. So we instead solve the following discretized problem on the kth level.
for all v ∈ V k , where
u j,λ ∆s j,−ℓ dx , (3.6) and u k−1 is the approximation of u obtained from the (k − 1)st level. After applying the kth-level multigrid scheme n times to (3.5) with initial guess w k−1 (from the (k − 1)st level), we obtain an approximate solution w k ∈ V k of w and then define the kth-level approximation u k of u by
We thus have a recursively defined full multigrid algorithm for (2.1), which we state formally as follows.
The full multigrid algorithm. For k = 1, we set
and take w 1 ∈ V 1 to be the solution of
We define
For k ≥ 2, the numbers κ j,ℓ,k ∈ R are computed by (3.6), and w k ∈ V k is obtained recursively by applying the kth-level multigrid scheme to (3.5) n times:
where n is a positive integer independent of k, and
We then define u k by (3.7).
4. Convergence analysis. The convergence of the full multigrid algorithm is obtained through recursive estimates. From (2.20), (3.6), the smoothness of ∆s j,−ℓ (∈ C ∞ (Ω), and the Poincaré inequality (cf. [25] ), we have
On the other hand, we have
By substituting (2.9) into (4.2), we find
Therefore, by the triangle inequality, (2.16), (2.22), (3.1), (4.6), and standard finite element discretization error estimates (cf. [12] , [10] ), we have
By comparing (3.5) and (4.2), we see that
and it follows from (3.9) that
Since w k is obtained by applying the kth-level multigrid scheme n times to (3.5) with initial guess w k−1 (cf. (3.11) and (3.12)), the estimate (3.3) and the relation (4.8) imply that
From the triangle inequality, (4.6), and (4.7) we obtain
It follows from (4.4), (4.7), (4.10), and (4.11) that
We can combine (4.3) and (4.12) as
where the vector inequality is interpreted componentwise. Since δ n and h (π/ω)−ǫ k are both small for large n and k, we can consider the matrix in (4.13) to be a perturbation of the nilpotent matrix
where C is a constant matrix with nonnegative components that satisfies
Iterating (4.14), we find from (4.15) that
Since h k−1 = 2h k , it follows from (4.16) that
On the other hand, from the definition of a 1 , (3.8), and (2.14), we have (4.18) and, from the definition of b 1 , (3.8), (4.9), (4.2), (2.9), and (2.14)-(2.16), we have
In view of (4.18) and (4.19), we can iterate (4.13) to obtain
Combining (4.17) and (4.20), for n > n ǫ we find that
We have thus arrived at the following theorem.
Theorem 4.1. For any ǫ > 0, there exists a positive integer n ǫ such that when the number of nested iterations n is greater than n ǫ , we have By (4.6) and (4.21), we have
Remark. It follows from a standard argument (cf. [2] ) that cost of computing u k ǫ number of elements in T k . Remark. When λ(ω j /π) is an integer, there is some freedom in choosing the u j,λ and hence the corresponding s ′ j,ℓ . We chose u j,λ by (2.6) to be specific, but there are other choices. We can pick u j,λ to be any solution of (2.2) in the form (2.3) as long as the regularity estimate (2.15) holds. Then Theorem 4.1 remains valid. For example, in the case of an L-shaped domain with m = 2, we can choose
when ω j = π/2 and
when ω j = 3π/2.
Concluding remarks.
It is well known that when ∂Ω is smooth and f ∈ H m (Ω), the solution u of (1.1) belongs to H m+2 (Ω). It is then a simple matter to construct a finite element method on a quasi-uniform grid with an O(h m+1 ) convergence rate in the energy norm. In this paper we showed that similar results are possible on a general polygonal domain Ω, provided that one uses multigrid methods. In particular, when f ∈ C ∞ (Ω), we can approximate u to any prescribed order of convergence at a cost proportional to the number of elements in the triangulation.
The method in this paper can be adapted to more general equations, boundary conditions, and domains (e.g., domains with cracks), provided that the singular function representation and extraction formulas are available (cf. [20] , [18] , [19] , [21] , [13] , [15] , [16] , [22] , [11] ).
In some applications, it is more important to compute the coefficients κ j,ℓ (cf. [1] , [23] ). In particular, in elasticity problems these coefficients are called stress intensity factors and they play an important role in fracture mechanics. Our method also approximates these coefficients to a high order when f is smooth.
Since our method differs from the standard full multigrid method only in the righthand side of the discretized equations, it is easy to implement by a slight modification of existing multigrid codes. Numerical experiments for the simplest cases of our method, where m = 0 or 1, have been carried out in [9] and [11] . They confirm the theoretical results.
We also point out that since our multigrid method computes the regular part of the solution, superconvergence results which usually require unrealistic regularity on nonsmooth domains become relevant in this approach (cf. [9] , [11] ).
